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Matched Data Sensitivity Model FRT under Rosenbaum’s Sensitivity Model Application

Model Setting

• Consider exactly matched pairs from an observational study,
with (i , j) indexing unit j in pair i(i = 1, . . . , n; j = 1, 2).

• In pair i , we have Xi1 = Xi2 = Xi . (e(Xi1) = e(Xi2))

• Assume iid sampling, and define the propensity score as

eij = pr {Zij = 1 | Xi ,Yij(1),Yij(0)} .

• Let Si = {Yi1(1),Yi1(0),Yi2(1),Yi2(0)} denote the set of all
potential outcomes within pair i .
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Matched Data Sensitivity Model FRT under Rosenbaum’s Sensitivity Model Application

Conditional Assignment Probability

Conditioning on the event that Zi1 + Zi2 = 1, consider

πi1 = pr {Zi1 = 1 | Xi , Si ,Zi1 + Zi2 = 1} .

Define oij = eij/ (1 − eij) as the odds of the treatment for unit
(i , j), we have

πi1 =
pr {Zi1 = 1,Zi2 = 0 | Xi , Si}
pr {Zi1 + Zi2 = 1 | Xi , Si}

=
pr {Zi1 = 1,Zi2 = 0 | Xi , Si}

pr {Zi1 = 1,Zi2 = 0 | Xi , Si}+ pr {Zi1 = 0,Zi2 = 1 | Xi , Si}

=
ei1 (1 − ei2)

ei1 (1 − ei2) + (1 − ei1) ei2
=

oi1
oi1 + oi2

.
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Matched Data Sensitivity Model FRT under Rosenbaum’s Sensitivity Model Application

With or Without Ignorability

• With ignorability holds, eij is only a function of Xi , and
therefore, ei1 = ei2 and πi1 = 1/2.

• The treatment assignment is identical to the MPE
conditioning on the covariates and the event that each pair
has a treated and control units.

• So we can analyze the exactly matched observational study as
if it is a MPE, using either the FRT or the Neymanian
approach in Chapter 7.
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Matched Data Sensitivity Model FRT under Rosenbaum’s Sensitivity Model Application

With or Without Ignorability

• Without ignorability, eij ⊥̸⊥ {Yij(1),Yij(0)}|Xi , so oi1 ̸= oi2.
We introduce Rosenbaum (1987b)’s model for sensitivity
analysis imposes bounds on the odds ratio oi1/oi2.

Assumption 19.1 (Rosenbaum’s sensitivity model)
The odds ratios are bounded by

oi1/oi2 ≤ Γ, oi2/oi1 ≤ Γ

for some pre-specified Γ ≥ 1. Equivalently,

1
1 + Γ

≤ πi1 ≤ Γ

1 + Γ

for some pre-specified Γ ≥ 1.
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Matched Data Sensitivity Model FRT under Rosenbaum’s Sensitivity Model Application

Rosenbaum’s sensitivity model

Assumption 19.1 (Rosenbaum’s sensitivity model)
The odds ratios are bounded by

oi1/oi2 ≤ Γ, oi2/oi1 ≤ Γ

for some pre-specified Γ ≥ 1. Equivalently,

1
1 + Γ

≤ πi1 ≤ Γ

1 + Γ

for some pre-specified Γ ≥ 1.

• Under Assumption 19.1, we have a biased MPE with unequal
and varying treatment and control probabilities across pairs.

• When Γ = 1, we have πi1 = 1
2 and thus a standard MPE.

• Γ > 1 measures the deviation from the ideal MPE due to the
omitted variables in matching.
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Matched Data Sensitivity Model FRT under Rosenbaum’s Sensitivity Model Application

FRT Setting

• Consider testing the sharp null hypothesis

H0F : Yij(1) = Yij(0) for i = 1, . . . , n and j = 1, 2

based on within-pair differences τ̂i = (2Zi1 − 1) (Yi1 − Yi2)
(i = 1, . . . , n).

• Under H0F, |τ̂i | is fixed but Si = I (τ̂i > 0) is random if
τ̂i ̸= 0.

• Specificlly, τ̂i takes value from Yi1(1)− Yi2(0) and
Yi2(1)− Yi1(0). Under H0F, |τ̂i | is constant.
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Matched Data Sensitivity Model FRT under Rosenbaum’s Sensitivity Model Application

Test Statictics

• Consider the following class of test statistics:

T =
n∑

i=1
Siqi

where qi ≥ 0 is a function of (|τ̂1| , . . . , |τ̂n|).

• Special cases include the sign statistic, the pair t statistic (up
to some constant shift), and the Wilcoxon sign rank statistic:

T1 =
n∑

i=1
Si , T2 =

n∑
i=1

Si |τ̂i | , T3 =
n∑

i=1
SiRi ,

where (R1, . . . ,Rn) are the ranks of (|τ̂1| , . . . , |τ̂n|).
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Matched Data Sensitivity Model FRT under Rosenbaum’s Sensitivity Model Application

Null Distribution of Test Statistic

• E (Si) = πi1 ̸= 1
2 without ignorability assuamption, so the null

distribution of T is unspecified.

• Among all null distributions, we aim to find "the worst case",
under which T has the largest p-value.

• Since FRT is right-tailed test, the worst case is
E (Si) = max(πi1), i.e.

Si
IID∼ Bernoulli

(
Γ

1 + Γ

)
.
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Matched Data Sensitivity Model FRT under Rosenbaum’s Sensitivity Model Application

Null Distribution of Test Statistic

• Under "the worst case",

EΓ(T ) =
Γ

1 + Γ

n∑
i=1

qi , varΓ(T ) =
Γ

(1 + Γ)2

n∑
i=1

q2
i

• The Normal approximation is

T − Γ
1+Γ

∑n
i=1 qi√

Γ
(1+Γ)2

∑n
i=1 q2

i

d−→ N(0, 1).

• In practice, we can report a sequence of p-values as a function
of Γ.
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Matched Lalonde Data Analysis
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Thanks!
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